We review some recent experiments based upon multimode two-photon interference of photon pairs created by spontaneous parametric downconversion. The new element provided by these experiments is the inclusion of the transverse spatial profiles of the pump, signal and idler fields. We discuss multimode Hong-Ou-Mandel interference, and show that the transverse profile of the pump beam can be manipulated in order to control two-photon interference. We present the basic theory and experimental results as well as several applications to the field of quantum information.
Introduction
Fourth-order interference of two photons at a beam splitter was first studied by Hong, Ou and Mandel (HOM) [1] , as a method to measure the time interval between photons created by spontaneous parametric down-conversion (SPDC) and consequently the coherence length of the photon wave packet to a high degree of accuracy. It has since played a central role in a wide variety of experiments, ranging from tests of quantum mechanics versus local realism [2, 3] , to measurements of the single-photon tunneling time [4] , to quantum information tasks such as Bell-state measurements [5, 6] and two-photon controlled logic operations [7, 8] , among others. A typical HOM interferometer is shown in figure  1 . Two photons are created by SPDC and sent to opposite sides of a beam splitter (BS). In their original work, HOM showed that when the path lengths of arms s and i are adjusted so that the wave packets of identical photons in a symmetric polarization state overlap perfectly at a beam splitter, the photons leave the beam splitter through the same output port. Likewise, photons in the antisymmetric singlet polarization state leave the beam splitter in different outputs. It has been pointed out that this interference behavior can be understood by considering the overall bosonic nature of the two-photon state [9] .
Until recently, the majority of works regarding HOM interference concerned an ideal monomode (one spatial mode) situation. Here we discuss some recent experiments involving multimode HOM interference [10] . It is well known that SPDC allows the creation of photons entangled in several degrees of freedom, including, for example, polarization and momentum (spatial mode). Moreover, the down converted photons can be hyperentangled : entangled in two or more degrees of freedom simultaneously [11] . Considering fields with multiple spatial modes provides additional degrees of freedom that can be used to control and manipulate two-photon interference. We will first review the two-photon quantum state generated by multimode SPDC. In section 3 we provide the basic theory of multimode HOM interference and discuss the experimental results. We will then present some recent applications such as transverse phase measurements of the multimode two-photon field, non-classical two-photon beams and Bell-state measurements.
The Two-photon Quantum State
Here we review the two-photon state generated by SPDC. A more detailed account can be found elsewhere [12, 13] . For a sufficiently weak cw laser, the quantum state generated by SPDC can be shown to be
where |vac is the vacuum state and |ψ is a two-photon state. The coefficients C 1 and C 2 are such that |C 2 | ≪ |C 1 |. Under most experimental situations it is reasonable to work in the paraxial approximation [14] , in which it is assumed that the fields are appreciable only in a region that is very close to the propagation axis. In other words, the magnitude of the transverse component of the wave vector is much smaller than the magnitude of the wave vector itself : |q| ≪ |k|.
Coordinate systems are chosen such that the down-converted fields are propagating along the z-direction. It is further assumed that the experimental setup incorporates narrow bandwidth interference filters centered at twice the pump beam wavelength λ p . This allows us to consider only monochromatic downconverted fields with wavelength λ c = 2λ p . Using the above approximations, the two-photon quantum state is |ψ = σs,σi
The kets |q, σ represent single photons in plane wave modes labelled by transverse wavevector q and polarization σ. The subscripts s and i label the downconverted signal and idler modes, respectively. The coefficients C σs,σi depend upon the polarization state of the photon pair. The function Φ(q s , q i ) is given by [10] 
where v(q) is the angular spectrum of the pump beam, which has been transferred to the two-photon quantum state [13] . L is the length of the nonlinear crystal and K is the magnitude of the pump field wave vector. For sufficiently thin crystals (L ≪ 2Z 0 , where Z 0 is the Rayleigh range of the pump beam), the sinc function is approximately constant. Depending upon the coefficients C σs,σi and the function Φ(q s , q i ), it is possible that the two-photon state (2) is entangled in polarization and/or transverse momentum. Any entanglement between these two degrees of freedom has been ignored 1 . The function Φ(q s , q i ) is in general a non-separable function of q s and q i . As a consequence, the two-photon state must be treated as a single entity. Emphasizing this fact, the two-photon state is frequently referred to as the biphoton.
In general, two-photon experiments utilize coincidence detections, in which each of two detectors registers the presence of one photon nearly simultaneously. The probability to detect two photons in coincidence by point-like detectors placed at positions r 1 and r 2 is
where the coincidence detection amplitude, which in the monochromatic approximation serves as the two-photon wave function [16] , is
where E (+) j (r) is the field operator and r = (x, y, z). In the paraxial approximation,
1 There may exist entanglement between polarization and momentum degrees of freedom due to walk off effects in the birrefringent nonlinear crystal. These effects can be made negligible by the use of additional compensating crystals [15] as well as interference filters and narrow detection apertures.
The operator a j (q, σ) annihilates a photon in mode j with transverse wave vector q and polarization σ. The vector ρ is the transverse component of the position vector r and k is the magnitude of the wave vector of the down-converted field.
In general, the coincidence count rate is obtained by integrating the detection probability (4) over the area of each detector. However, in the experiments presented in the following sections, we will be able to analyze the theoretical predictions and experimental results by simply examining Ψ(r 1 , r 2 ) or P(r 1 , r 2 ).
3 Multimode Hong-Ou-Mandel Interference An illustration of the multimode HOM interferometer is shown in Fig. 2 . Let us assume that the optical path lengths of photons s and i are equal such that indistinguishable photons suffer fourth-order interference [1] . To calculate the overall coincidence detection amplitude, it is customary to write the annihilation operators in modes 1 and 2 at the output ports of the beam splitter in terms of the operators in the input modes s and i:
where t and r are the transmission and reflection coefficients of the beam splitter. For simplicity, it has been assumed that the beam splitter is symmetric, though an asymmetric beam splitter will work equally as well. A key difference between multimode interference and the monomode situation is the sign change in the y-components of the reflected wave vectors in Eqs. (7) and (8) . The negative sign is due to the mirror reflection at the beam splitter, as illustrated by the coordinate systems in Fig. 2 . The total detection amplitude contains four terms, corresponding to the possible transmission and reflection of each photon, as illustrated in Fig. 3 :
rt tr tt rr Here the notation tr stands for transmission of the s photon and reflection of the i photon, etc. The amplitudes Ψ tr and Ψ rt correspond to two photons in outputs 1 and 2 respectively, while Ψ tt and Ψ rr correspond to one photon in each output. The four components of Ψ are written in two different coordinate systems, r 1 = (x 1 , y 1 , z 1 ) and r 2 = (x 2 , y 2 , z 2 ), since it is necessary to work in the paraxial approximation around two different axes z 1 and z 2 . To simplify things, it assumed that t = r. Using Eqs. (2), (5), (6), (7) and (8), it is straightforward to show that the four components of the detection amplitude are given by [10] Ψ tr (r 1 , r
and 
For simplicity, experimental conditions have been chosen such that each detector is placed at a distance Z from the origin (crystal face) such that
The vector Π(σ 1 , σ 2 ) is the four-dimensional polarization vector of the input photon pair. For example, the singlet state is given by Π(σ 1 ,
, where h j and v j are orthogonal two-dimensional polarization vectors (for modes j = 1, 2). The function W(x, y, Z) is the field profile of the pump beam which has been transferred to the detection amplitude [13] .
For the time being, let us consider only coincidence detections corresponding to one photon in each output of the HOM interferometer. The detection amplitude for this situation is given by
Examination of Eqs. (12) and (13) shows that the coincidence detection amplitude Ψ 12 depends upon the parity of the pump field profile W in the y-direction as well as the symmetry of the polarization vector Π. For example, if W is an even function of y and Π is symmetric, then Ψ tt (r 1 , r 2 ) = −Ψ rr (r 1 , r 2 ) and the two-photon interference is destructive: Ψ 12 = 0. As expected, in this case Ψ tr and Ψ rt are nonzero, which means that both photons leave through the same port of the HOM interferometer. However, which port they exit through is entirely random. On the other hand, if W is an even function of y and Π is antisymmetric, then Ψ tt (r 1 , r 2 ) = Ψ rr (r 1 , r 2 ) and the coincidence detection amplitude is maximum, which corresponds to constructive interference. Likewise, under these conditions Ψ tr = Ψ rt = 0. The key feature of multimode HOM interference is that the multimode treatment of the fields involved in SPDC allows us to consider a pump beam that is an odd function of y. When W is an odd function of y, the interference behavior of the photon pair is reversed: a symmetric polarization state gives constructive interference and an antisymmetric polarization state results in destructive interference. Table 3 summarizes these interference possibilities, which show that the pump beam profile W can be manipulated to control the interference of symmetric and antisymmetric polarization states.
To control the interference behavior of the down-converted fields, it is necessary to pump the nonlinear crystal with a beam that has well-defined even or odd parity with respect to the y-direction. A set of beams with well-defined cartesian parity are the Hermite-Gaussian (HG) beams, given by [17] 
where C mn is a constant. The H n (y) are the Hermite polynomials, which are even or odd functions in the y-coordinate when the index n is even or odd, respectively. w is the beam waist, R(z) = (z 2 + z 2 R )/z and θ(z) = arctan(z/z R ), where z R is the Rayleigh range.
The multimode HOM interference experiment [10] is shown in fig. 4 . The HG modes were generated by placing a 25 µm diameter wire inside the laser cavity. The wire breaks the cylindrical symmetry of the laser cavity, which forces the laser to operate in the next stable mode, which is an HG mode with a nodal line at the position of the wire [17] . Down-converted photons were created by pumping a type-II BBO (β-BaB 2 O 4 ) crystal, which generates pairs of orthogonally polarized photons. Depending on the crystal geometry, these photons may or may not be entangled in polarization [10, 15] . The down-converted photons are reflected through a system of mirrors and incident on a 50 − 50 symmetric beam splitter BS (t = r ≈ 1/2). The polarization state is transformed with the halfwave plate HWP. The symmetric polarization state used was Π S = |h 1 |h 2 and the antisymmetric state was
, where h and v stands for horizontal and vertical linear polarization, respectively. The detectors D 1 and D 2 are equipped with interference filters (1 nm FWHM centered at 702 nm) and 2 mm circular apertures, which justifies the use of the monochromatic and paraxial approximations in the basic theory presented above.
Figs. 5 and 6 show the HOM interference curves measured by detecting coincidences as a function of the path length difference, which was controlled by scanning the mirror assembly M 1 with a linear stepper motor. The error bars represent statistical errors due to photon counting [16] and the solid lines are curve fits of the usual HOM interference curve [1] . Fig. 5 a) shows results for the symmetric polarization state Π S for the W 10 (open circles) and W 01 (solid circles) pump beams. Fig. 5 a) shows results for the antisymmetric polarization state Π A for the W 10 (open circles) and W 01 (solid circles) pump beams. When the path length difference is zero, these results confirm the theoretical predictions summarized in table 3. Creating a pump beam that is an equally weighted superposition of W 10 (even) and W 01 (odd) modes results in a beam with undefined parity in the y direction. The beam was created by aligning the wire in the laser cavity at a 45
• angle. No HOM interference is observed when the crystal is pumped with such a beam, as is shown in Fig. 6 for the symmetric polarization state.
Biphoton phase measurements
A possible application of multimode HOM interference is the measurement of the transverse phase structure of the biphoton. Such a measurement can be used to show that down-converted photon pairs are entangled in orbital angular momentum [18] .
Suppose that the transverse profile of the pump beam is a Laguerre-Gaussian (LG) beam. It is well known that the LG beams carry orbital angular momentum in the form of an azimuthal phase dependence exp(ilφ), where φ is the azimuthal angle and l is the azimuthal winding number. It has been shown that LG beams carry an angular momentum of l per photon [19] . An important issue is whether SPDC can be used to create photons entangled in orbital angular momentum, and if so, what are the experimental requirements necessary to do so? These questions have been the focus of much recent work [20, 21, 22, 23, 24] . Photons pairs entangled in orbital angular momentum might be very useful in quantum communication and quantum cryptography [25] , since they allow for the encoding of higher order alphabets.
Consider for a moment the simple case of a nonlinear crystal pumped with a LG beam. In this case, the two-photon wave function, in the absence of a HOM interferometer, is
where we have used the paraxial, monochromatic and thin crystal approximations. Here U l p is the field profile of the LG beam with radial index p and azimuthal index l. The polarization state has been assumed to be symmetric, which allows the biphoton wave function to be treated as a scalar. The LG modes are given by The LG modes form a complete basis, so the two photon state can be expanded in terms of LG modes of the signal and idler fields:
It has been shown that [18] 
where v l p (q) is the Fourier transform of the LG mode given by Eq. (16) . The conservation of orbital angular momentum in SPDC is provided by the delta function in Eq. (18) , which guarantees that l = l s + l i , provided that Eq. (15) indeed describes the biphoton wave function.
It has been shown that Eq. (15) accurately describes the two-photon state through a simple experiment. Direct coincidence detection provides information about the modulus of Ψ(ρ s , ρ i ), while multimode HOM interference provides information about the phase structure. Suppose that the HOM interferometer described in section 3 is pumped by a LG beam. The corresponding coincidence detection amplitude is [18] 
Here u l p contains all of the radial dependence of U l p . The coincidence detection probability, which is proportional to |Ψ c (R, θ)| 2 , is
Figs. 7 and 8 show experimental results for U 1 0 and U 2 0 pump beams, respectively. Using a mode converter consisting of a pair of cylindrical lenses [17] , first and second order HG beams (created by inserting a wire into the laser cavity) were transformed into LG beams of the same order. The LG beams were then used to pump the HOM interferometer. Coincidence counts were registered by setting one detector (1 mm diameter circular aperture) fixed while the other detector (0.5 mm diameter circular aperture) mapped a 2-dimensional grid in the transverse plane. In part a) of the figures, the HOM interferometer was "unbalanced", meaning that the path length difference was greater than the coherence length of the down-converted photons. Under these conditions, there is no interference, and the coincidence profile reproduces the field profile of the pump beam. Parts b) show the interference when the HOM interferometer is balanced (equal path lengths). Comparing the experimental results with a computer simulation of Eq. (22) shows good agreement between the experimental and theoretical coincidence distributions. The above experimental results show that Eq. (15) accurately describes the two-photon state, which in turn shows that OAM is conserved in the SPDC process. Through a simple argument, it can be shown that the down-converted fields are indeed entangled in OAM. From Eq. (15) it is evident that Ψ(ρ s + ∆, ρ i − ∆) = Ψ(ρ s , ρ i ). Fig. 9 shows experimental results when the fixed detector was displaced ∆ x = ∆ y = 1 mm. The interference pattern is equivalent to that of Fig. 7 b) but shifted by −1 mm in the x and y directions, as predicted by Eq. (15) . Due to the singular phase structure of U l p , for l = 0 there exist transverse spatial positions ρ s0 and ρ i0 such that
and the coincidence detection probability P(ρ s ,
Besides entanglement, which is a purely quantum correlation, the only other way for OAM to be conserved in SPDC would be through a classical correlation [26] of the signal and idler fields. Let us suppose that the down-converted fields exhibit such a classical correlation. The detection probability P cc for this type of correlation can be written as
where F ls (ρ s ) and G li (ρ i ) represent down-converted fields with average orbital angular momentum l s and l i per photon. Since the correlation is classical, the coefficients P li satisfy ∞ li=−∞ P li = 1 and P li ≥ 0. For Eq. (25) to accurately describe the two-photon state, it must satisfy the equivalent of Eq. (24):
Since P li ≥ 0, a solution to Eq. (26) exists (for the non-trivial cases where at least one
Thus, a classical correlation of orbital angular momentum states cannot reproduce the two photon wave function (15) , which indicates that the down-converted fields are indeed entangled in OAM. We note here that the above argument is valid even though the systems under consideration are (in principle) infinite dimensional. 
Two-photon singlet beams
In the previous sections we were concerned with coincidence counts in different outputs of the HOM interferometer. Here we will consider situations in which both photons leave through the same output port.
An interesting application of multimode interference is the creation of a localized two-photon singlet state [27] . Such a state can be generated by controlling the HOM interference such that two input photons in the singlet polarization state leave the beam splitter through the same port. In this type of beam, both the polarization and spatial components of the two-photon wave function are antisymmetric, which gives rise to some interesting properties. First, it is known that, in general, the singlet polarization state |ψ − is invariant to any bilateral unitary operator U T = U ⊗ U [28, 29] . Suppose that this operator characterizes some type of noise in a quantum channel. Then it could be possible to use the singlet state (along with another invariant state) to send quantum information in a robust manner. The assumption that the noise is bilateral is generally justified as long as the photons occupy the same spatio-temporal region such as, in this case, a well-collimated beam.
A second interesting property is that the spatial antisymmetry guarantees that the singlet-beam exhibits spatial antibunching in the transverse plane. It has been shown that spatial antibunching is a purely quantum property with no classical analog [30, 31] . Thus the singlet-beam is inherently non-classical.
To generate a singlet beam, a pump beam that is an odd function of the y coordinate W odd (x, −y, z) = −W odd (x, y, z) is used. When the polarization state is |ψ − , the probability amplitude to detect both photons in output port 1 is given by
where r 1 = (x 1 , y 1 , z 1 ) and r 1 = (x To generate a pump beam that is an odd function of the y coordinate, a thin (∼ 150 µm) glass laminate was inserted halfway into the Gaussian profile pump beam and adjusted the angle in order to achieve a π phase difference between the two halves of the beam. In the far field the beam profile is approximately equal to W 01 . This beam is used to pump a nonlinear crystal which is adjusted to generate polarization-entangled photons using the crossed-cone source [15] . The output state of this source is controlled by adjusting the angle of the compensating crystal to be the |ψ + polarization state. With a quarter-wave plate (QWP) in one of the paths, the relative phase can be manipulated in order to change from the polarization state |ψ + to |ψ − [15] . The quality of the polarizationentangled state can be tested in the usual way using polarization analyzers [15] . The entangled photons are then sent into the HOM interferometer.
Coincidences were measured at the two output ports of a polarizing beam splitter placed in one output of the HOM interferometer, so that detectors D 1 and D ′ 1 always detect orthogonal polarizations. The path length difference was scanned as in the usual HOM interference measurements, however, this time coincidences were registered at detectors in the same output port of the BS.
For the |ψ − state, constructive interference is observed at detectors D 1 and D ′ 1 in both the h/v (Fig. 11a) and +/− bases, ± = 1/ √ 2(h ± v) (Fig. 11b ). Observing constructive interference in both detection bases identifies the |ψ − state, since it is the only antisymmetric two-photon polarization state and is invariant to bilateral rotation.
It is illustrative to compare these results with those of the input |ψ + = 1/ √ 2 (|h 1 |v 2 + |v 1 |h 2 ) polarization state. If the pump beam is an even function of y and the polarization state is |ψ + , the detection amplitude is
Detecting in the h/v basis, we observe an interference "dip" (Fig. 11a) . However, in the +/− basis ( Fig. 11 b) , we observe no coincidences, since in this basis the |ψ + state is proportional to (|+ 1 |+ 
Optical Bell-State Measurement
The four entangled Bell-states:
play a crucial role in many quantum information schemes. Here |ψ − is the antisymmetric singlet state and |ψ + ,|φ ± are the symmetric triplet states. Furthermore, many quantum information schemes, such as dense coding [6, 32] , quantum teleportation [33] and entanglement swapping [33] require a Bell-state measurement (BSM), that is, projecting onto the basis defined by the states (29) . Generally, optical BSM's [6, 5] of polarization-entangled photons rely on HOM-type interference at a 50-50 beam splitter [1] . A typical optical Bell- state analyzer (BSA) is shown in Fig. 12 + and |φ ± requires detectors capable of distinguishing between one and two photons. Such detectors are presently available, however they suffer from low efficiencies and/or high dark counts [34, 35, 36] . This problem can be partially solved by replacing each detector an additional 50-50 beam splitter and two detectors [6] . This enables one to detect only half of the two-photon occurrences and increases the complexity of the detection system, since an eight detector system is necessary. Recently developed multi-photon detectors based on temporal multiplexing would reduce the number of detectors in this situation, but would not operate with 100% efficiency [37] .
BS PBS PBS
This requirement on the detectors can be avoided if the interference behavior is inverted: photons in the triplet (singlet) states go to different (the same) detectors and can then be further discriminated by the PBS. As shown above, this can be achieved by generating polarization-entangled photons using an antisymmetric pump beam, such as the first-order Hermite- Fig. 13 shows the experimental setup used to discriminate three classes of Bell-states in coincidence detections [38] . Results of the experiment, presented in Fig. 14, show that the three classes of states were identified with different coincidence counts at different detector combinations. The analyzer functioned with an efficiency of about 90%, with experimental errors due mostly to alignment of the HOM interferometer. 
Conclusion
We have reviewed recent experiments centered around multimode Hong-OuMandel interference. A key ingredient is the multimode treatment of spontaneous parametric down-conversion in the monochromatic, paraxial and thincrystal approximations, which guarantees that the angular spectrum of the pump laser field is transferred to the two-photon state. As a consequence, the transverse spatial characteristics of the pump beam can be manipulated in order to control the fourth-order interference behavior of photon pairs in the Hong-Ou-Mandel interferometer. Applications of multimode Hong-Ou-Mandel interference to the field of quantum information include measurements of the transverse phase characteristics of the two-photon state, generation of two-photon singlet beams, and simplified Bell-state measurement of down-converted photon pairs. We expect that multimode interference will play also a role in small-scale quantum logic gates, quantum communication and quantum imaging. Future work might include multimode interference of more than two photons, as well as photons originating from different sources.
